Chapter 10
Differential Equations

Functions of one variable: y, p,q, u, g, h, G, H, 1, z
Arguments (independent variables): x, y
Functions of two variables: f(x,y), M(x,y), N(x,y)

First order derivative: y', u’, y, 3—1’,

d’1
S ma i
Second order derivatives: y", V, 7
. T ou d'u
Partial derivatives: —p
ot ox

Natural number: n
Particular solutions: vy, 3

Real numbers: k, t,C, C,, C,,p,q, ,
Roots of the characteristic equations: A, A,
Time: t

Temperature: T, S

Population function: P(t)

Mass of an object: m

Stiffness of a spring: k

Displacement of the mass from equilibrium: y
Amplitude of the displacement: A
Frequency:

Damping coefficient: y

Phase angle of the displacement: &

Angular displacement: 0

Pendulum length: L
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CHAPTER 10. DIFFERENTIAL EQUATIONS

Acceleration of gravity: g
Current: |

Resistance: R
Inductance: L
Capacitance: C

10.1 First Order Ordinary Differential
Equations

1165.

The general solution is
I u(x )q(x Jdx +C
oy

where
yon e + o \
u(x)= epr plx)dx .

Separable Equations
dy: 7 & FR. AN
—— =f(x,y)=g(x)h

3 [xy)=glx)hly)

The general solution is given by
dy
= | g(x)dx +C,
J h(y) J

?—f(y) =G(x)+C.
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Homogeneous Equations
d
The differential equation d—y=f(x,y) is homogeneous, if
X

the function f(x,y) is homogeneous, that is
f(tx,ty)=f(x,y).

The substitution z = (then y =zx) leads to the separable
X

equation

dz
—+z=fll,z).
xdx z (z)

Bernoulli Equation
d .
% +p(x)y=qlx)y".

The substitution z=y'" leads to the linear equation

% +(1-n)p(x)z=(1-n)q(x).

Riccati Equation
d
L =plx)+q(x)y +r(x)y’
If a particular solution y, is known, then the general solu-
tion can be obtained with the help of substitution

z= , which leads to the first order linear equation

Y-v

jx—z:—[q(X)JrZY.r(X)]z—r(X)-
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Exact and Nonexact Equations
The equation

M(x,y)dx + N(x,y)dy =0

is called exact if

oM ON
—=—,
ox
EN o |PETE DGR LIFPEC N LU e
dllu HOHNEXACL OUICIWIHNT

The general solution is

IM(x,y)dx +IN(x,y)dy =C.

Radioactive Decay
dy
i

. TR, O, VSISO s M. R
where y(t) is the amount of radioactive
is the rate of decay.

The solution is
y(t)=y,e™, where y, = y(0) is the initial amount.

Newton’s Law of Cooling
%¥=—HT—SL
at

where T(t) is the temperature of an object at time t, S is the

temperature of the surrounding environment, k is a posi-
tive constant.

The solution is

T(t)=5+(T,-S)e™,

where T, =T(0) is the initial temperature of the object at
time t=0.
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1172. Population Dynamics (Logistic Model)
@1 F),
dt M,
where P(t) is population at time t, k is a positive constant,
M is a limiting size for the population.

B}

] Dy POCST. TIBRRMRT e IR LU SRS sy (R DO
LIIC SOIULIO O LINC ULICICIILIAL t:qud.uu 115
MP. i i
P(t)z , where P, = P(O) is the initial popu-

0
Pu g (M Tl Pn )e_kt
lation at time t=0.

10.2 Second Order Ordinary Differential

Equations
1173. Homogeneous Linear Equations with Constant Coefficients
y'+py +qy=0.
The characteristic equation is

2 +ph+q=0.

If A, and A, are distinct real roots of the characteristic
equation, then the general solution is

y=C,e"* +C,e"*, where

C, and C, are integration constants.

IfA == —-E , then the general solution is
px
y’=(C1 +sz)e ¥ s

If &, and A, are complex numbers:
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A, =a+pi, A, =a—Pi, where

2
a= P pVia-p’

- -~

2
then the general solution is

y =e™(C, cosBx +C, sinBx).

Inhomogeneous Linear Equations with Constant
Coefficients

y" +py’ +qy =f(x).

Yy, is aparticular solution of the inhomogeneous equation

and vy, is the general solution of the associated homogene-
ous equation (see the previous topic 1173).

If the right side has the form
f(x)=e™(P,(x)cosPx + P,(x)sin Bx),
L =

neun

- - P e I
< tl lefllLLlldl' bUIUUUIl y IS BlvLll by

-

Yp =X ™ (R,(x)cospx + R, (x)sinpx),
where the polynomials R (x) and R,(x) have to be found

hyr nicing tha athnd af iindatarminad canafficiant
U) “ﬂulb ul‘- lllLlllU\.I Ul. (S84 luLi&l 1111110\ \-ULlLlLlLlll

« If o+ i is not a root of the characteristic e uatlon, then
the power k=0,

« If a+pi is a simple root, then k=1,

« If o+ i is a double root, then k=2.

U-:

Differential Equations with y Missing
y'=f(xy’).
Set u=y'. Then the new equation satisfied by v is

u'=f(x,u),

which is a first order differential equation.
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1176. Differential Equations with x Missing
y"=f(y,y').
Set u=y’. Since

v _dudy  du

dx dydx  dy’
we have
w2 f(y,u),

dy
which is a first order differential equation.

1177. Free Unrla_rnp d Vibrations
a Spring is described by the equa-

WIICIC

m is the mass of the object,

k is the stiffness of the spring,

y is displacement of the mass from equilibrium.

The general solution is
y=Acos(®,t—3),

where

A is the amplitude of the displacement,

®, is the fundamental frequency, the period is T = = ’
@,

d is phase angle of the displacement.

This is an example of simple harmonic motion.

1178. Free Damped Vibrations
my + vy + ky =0, where
v is the damping coefficient.
There are 3 cases for the general solution:
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Case 1.y’ > 4km (overdamped)
Y(t)z Aei\..t +Bei,l .

warhs e

W v’ —4km z _—y+47’ —4km

2m 2m

Case 2. y* =4km (critically damped)
y(t)=(A+Bt)e",
where

v

WP A

e -
2m

Case 3. > <4km (underdamped)
¥

y(t)=e > Acos(wt—3), where
®=44km-vy* .

Simple Pendulum

The general solution for small angles 0 is

0(t)=0,,. sin \/%t , the period is T = ZRJE .
g

RLC Circuit

2
. - Rﬂ + %I =V'(t)=®E, cos(ot),

L—
dt” dt
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CHAPTER 10. DIFFERENTIAL EQUATIONS

where I is the current in an RLC circuit with an ac voltage
source V(t)=E, sin(ot).

The general solution is
I(t)=C,e™ +C,e™ + Asin(ot— ),

where
 ——
_R+ \/RZ 4L
B C
r = »
i 2L
Ko oE,
L/ 1 \Z 3

\ILL&)Z -(‘:J + R’

(Lm 1 )
@=arctan| — — .
R RCo)

N, oAs

C,, C, are constants depending on initial conditions.

10.3. Some Partial Differential Equations

1181.

1182.

The Laplace Equation
2 A2

03+0u=0

ox’ oy’

applies to potential energy function u(x,y) for a conser-

vative force field in the xy-plane. Partial differential equa-
tions of this type are called elliptic.

The Heat Equation
0’u 0%u Ou
% TSy
ox® ody° ot
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applies to the temperature distribution u(x,y) in the xy-

plane when heat is allowed to flow from warm areas to cool
ones. The equations of this type are called parabolic.

The Wave Equation
o'u 'u Ou
A2 ALl ol

UA l'_:’)( /L

applies to the displacement u(x,y) of vibrating membranes

and other wave functions. The equations of this type are
called hyperbolic.
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